NONCOMMUTATIVE TWO-TORI WITH REAL 
MULTIPLICATION AS NONCOMMUTATIVE PROJECTIVE 

VARIETIES 

A. POLISHCHUK 



Abstract. We define analogues of homogeneous coordinate algebras for non- 
commutative two-tori with real multiplication. We prove that the categories of 
standard holomorphic vector bundles on such noncommutative tori can be de- 
scribed in terms of graded modules over appropriate homogeneous coordinate 
algebras. We give a criterion for such an algebra to be Koszul and prove that 
the Koszul dual algebra also comes from some noncommutative two-torus with 
real multiplication. These results are based on the techniques of [14] allowing 
to interpret all the data in terms of autoequivalences of the derived categories 
of coherent sheaves on elliptic curves. 



Introduction 

Noncommutative algebraic geometry is usually understood as the study of cer- 
tain abelian categories replacing the usual category of (quasi-)coherent sheaves (see 
[2], [10], [16]). For example, noncommutative projective schemes correspond to 
certain categories defined in terms of modules over graded algebras in the way 
analogous to Serre's theorem (see [2]). However, it is rather disappointing that at 
present there is almost no connection between noncommutative algebraic varieties 
over C and noncommutative topological spaces, which according to Connes [6] are 
described by C*-algebras. One of the indications that such a connection exists is 
provided by the work [7], where Sklyanin algebras are related to some noncommu- 
tative manifolds. In the present paper we give another example of a relation of this 
kind. Namely, we show that noncommutative two-tori admitting "real multipli- 
cation" (i.e., nontrivial Morita autoequivalences) can be considered as underlying 
noncommutative topological spaces for certain noncommutative algebraic varieties. 

This relation is not so surprizing given the recent studies of complex geometry on 
noncommutative two-tori (see [17], [8], [14]). It may only seem a little odd that real 
multiplication is relevant for our picture. Let us briefly explain this. Recall that 
the homogeneous coordinate algebra of a projective scheme is defined using tensor 
powers of an ample line bundle. In noncommutative world one can only take tensor 
powers of a bimodule. Therefore, in order to construct an analogue of such algebra 
for a noncommutative two-torus Tg, where S R, one has to find a bimodule over 
the ring of functions on Tg which would be ample in approriate sense. The natural 
choice would be one of the so called basic modules. Now the Morita equivalence 
theory for noncommutative two-tori implies that an interesting bimodule can be 
found among basic modules only when the parameter 9 is stabilized by a nontrivial 
element of SL2(Z) /{±1} under the fractional- linear action of this group on MU{oo}. 
In other words, the category of vector bundles on Tg should have a nontrivial 
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Morita autoequivalence. Note however, that there exists a generahzation of the 
standard approach to noncommutative projective schemes in which graded algebras 
are replaced by more general objects called Z-algebras (see [4], [19]). If one allows 
these more general noncommutative "Z-projective schemes" then the condition that 
To has real multiplication becomes unnecessary. 

The results of this paper depend heavily on the study of categories of holomorphic 
vector bundles on Tg in [14] . Recall that in loc. cit. we considered only certain class 
of holomorphic bundles on that we called standard and we constructed a fully 
faithful functor from the category of such bundles to the derived category D^{X) 
of coherent sheaves on some elliptic curve X. Moreover, wc proved that the image 
of this functor consists of stable objects in the heart of certain nonstandard 
i-structure on D^{X) associated with 9 (see 1.2; these t-structures were defined in 
[5]). We conjecture that every holomorphic bundle on Tg is a successive extension 
of standard holomorphic bundles. If true, this would imply an equivalence of 
with the category of all holomorphic bundles on Tg (for irrational 9). Since we 
do not know the validity of this conjecture, we simply replace the category of all 
holomorphic bundles on Tg by . This allows us to switch from the context of 
noncommutative complex geometry on Tg to the study of the t-structure on D''(X) 
associated with 9. Nontrivial Morita autoequivalences of Tg appearing when 9 is 
a quadratic irrationality correspond to nontrivial autoequivalences F : D^{X) — > 
D^{X) preserving the corresponding f-structure. 

The graded algebras associated with Tg can now be viewed as examples of the 
following general construction. Given an additive category C, an additive functor 
F : C ^ C and an object O of C, we define an associative graded ring 

Ako = ®n>oHomc(0,F"(0)), 

where {F^ : C C,n > 0) are the functors obtained by iterating F (so F° = Idc)- 
The multiplication is defined as the composition of the natural maps 

Homc(0,F™(0)) (g)Homc(0,F"(0)) ^ Homc(F"(0), F™+"(0)) O Homc(0, F"(0)) 

^Homc(0,F"+"(0)). 

The homogeneous coordinate ring of a projective scheme X appears as a particular 
case of this construction when C is the category of coherent sheaves on X, F is the 
functor of tensoring with an ample line bundle L on X, O = Ox is the structure 
sheaf. Slightly more general rings arc obtained when taking F to be of the form 
F{A) = L ® a* A, where a is an automorphism of X. The corresponding rings are 
twisted homogeneous coordinate rings considered in [1]. 

The example relevant for noncommutative tori with real multiplication is when 
C = C. D^{X), where X is an elliptic curve, F is the autoequivalence of D^{X) 
preserving . In section 2 we study corresponding graded algebras Ap^j^, where 

is a stable object of . Namely, we compute the Hilbert series of Ap.r and 
formulate simple criterions in terms of discrete invariants of {F, for the algebra 
Ap^j^ to be generated in degree 1, to be quadratic, and to be Koszul. We also 
observe that if Ap,]r is Koszul then the Koszul dual algebra is again of the same 
form: it is isomorphic to Afi^oF-^,j^i where Rjr is certain twist functor associated 
with (see section 2.3). 

In section 3 we prove that every category , where is a quadratic irrationality, 
contains an ample sequence of objects of the form [F^-J^), where F : ^ \s 
an autoequivalence. This means that can be recovered from the corresponding 
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graded algebra Ap^y^ by the noncommutative analogue of Proj-construction consid- 
ered in [2] . One technical point is that the categories are non-Noetherian, so we 
have to apply the main result of [13] that generalizes (a part of) the main theorem 
of [2] to non-Nocthcrian case. 

It would be interesting to try to extend some of our results to more general 
algebras of the form Ap.y^, where F is an autoequivalence of the derived category 
D''{X) of coherent sheaves on a smooth projective variety X, T is an object of 
D^{X^. The first natural question is whether there are interesting examples when 
F preserves some f-structure on F)^[X). In the case whc^n X is an abelian variety 
one source of such examples should be given by noncommutative tori generalizing 
the picture described in [14]. 

Another perspective for the future work is to try to connect our results with 
Manin's program in [11] to use noncommutative two-tori with real multiplication 
for the explicit construction of the maximal abelian extensions of real quadratic 
fields. 

Convention. With the exception of section 2.1 all the objects (varieties, categories) 
are defined over an arbitrary field k. 



1. Preliminaries on derived categories of elliptic curves 

1.1. Structure of the group of autoequivalences. Let X be an elliptic curve, 
k.w\j(D^{X)) be the group of (isomorphism classes of) exact autoequivalences of 
D^{X). There is a natural surjective homomorphism 

TT : kyxt{p'{X)) SL2(Z), 

defined by the rule 7r(F) = 5 S SL2(Z), such that for every object T e D^{X) one 
has 

^degF(.F)\ /deg.F\ 



rkF(jr) ) J ■ 

For example, if F is the functor of tensoring with a line bundle L then F projects to 
the matrix . Let 5 : D''{X) D^{X) be the Fourier-Mukai transform 

considered as an autoequivalence of D^{X) via the isomorphism X ~ X. Then 

n{S) = (^J . The shift functor JT ^ jr[l] maps under tt to the matrix 

— id e SL2(Z). We denote by Aut(X) the group of automorphisms of X preserving 
the neutral element. It can be identified with a subgroup of A\it{D^{X)): to every 
automorphism a : X ^ X there corresponds an autoequivalence a, — (cr^^)* : 
D^{X) D^{X). Clearly, the homomorphism TT is trivial on this subgroup. 
On the other hand, for every abelian variety X there is a homomorphism 

7x : Aut(D*(X)) ^ Sp(X x X), 

where Sp{X x X) is the group of symplectic automorphisms of X x X, i.e. auto- 
morphisms preserving the line bundle Pi^P ®P2sV~^ on {X x X)^, where V is the 
Poincare line bundle on X x X. The homomorphism 7x was defined by Orlov in 
[12], Cor. 2.16. He also proved that it fits into an exact sequence 

1 ^ (X X X){k) X Z ^ kvLt{D^{X)) ^ Sp(X X 1) ^ 1, 



where the subgroup {X x X){k) corresponds to functors of translation by points of 
X and of tensor products with Hne bundles in Pic'^(X), while Z C Aut(D''(X)) is 
the subgroup of shifts A i-^ A[n]. More precisely, to a point (x,^) G {X x X){k) 
one associates the autocquivalcncc 

$(,,^) : D\X) ^ D\X) : T ^ t*_^{T) (g> V\xxi, 

where tx' : X ^ X denotes the translation by x' G X{k). The subgroup {X x 
X){k) C Aut{D^{X)) is normal and the adjoint action of i^" e Aut(£>*(X)) is given 

precisely by -fxiF) (see [12], Cor. 2.13). 

In the case of an elliptic curve we can identify X with X, so the group Sp(X x X) 

can be identified with the group Sp(X x X) of matrices ^ with entries in the 

ring End(X) satisfying the equations 

ad —cb = 1, ad — be = 1 

ac = ca, bd = db, ab = ba, cd = dc, 
where / i-^ ./ is the Rosati involution on End(X). 

Lemma 1.1. The group Sp{X x X) is isomorphie to (Aut(X) x SL2(Z))/{±1}, 
where the subgroup {±1} is embedded diagonally. 

Proof. Note that for every a G Aut(X) one has aa = 1. Hence, Aut(X) embeds 
into Sp{X X X) as the central subgroup of diagonal matrices ('^ We have to 



^0 ay 

prove that every element in Sp{X x X) is a product of such a matrix with a matrix 
in SL2(Z). If one of the entries of a matrix ^ G Sp{X x X) is zero then this is 

easy. Assuming that all the entries are non-zero we note that the condition ab gZ 
implies that a e Qb. Therefore, we can write a = a'r, b = b'r for some r € End(X)Q 
and a pair of relatively prime integers {a',b'). From the condition a,b G End(X) 
we immediately derive that r G End(X). Using the conditions ac G Z, bd G Z 
we can also write c = c'r~^, d = d'r~^ for some rational numbers {c',d'). Since 
c, d, and r are elements of End(A') we obtain that c' and d' are integers. The 

fa' b'\ 

equation ad — cb = 1 implies that the matrix ( , ^,1 belongs to SL2(Z). Finally, 

since c'r~^ e End(X) and d'f~^ G End(X) it follows that e End(X), so r is a 
unit. □ 

Let us set A^iD^X)) = Aut{D'' {X)) / {X x X){k). According to the above 
lemma the homomorphism jx induces a surjective homomorphism 

7x : A^{D\X)) {AutX x SL2(Z))/{±1} 

with the kernel Z. The homomorphism n also factors through a homomorphism 

TT : A^{D''{X)) SL2(Z). 

It is easy to check that the homomorphisms AvLt{D^{X)) — > SL2(Z)/{±1} induced 

by 7x and vr differ by an automorphism of SL2(Z). On the other hand, there is 
a natural action of Aut{D''{X)) on Ko{X) that preserves the subgroup Ko{X)q C 
Kq{X) consisting of classes of zero degree and zero rank. Note that the determinant 



gives an isomorphism det : Ko{X)o Pic°(X). From this one can see that the 
action of Aut(£)''(X)) on Kq{X)q factors through Aut(£)*(X)). 

Theorem 1.2. There exists a homomorphism Aut{D^{X)) — > Aut(X) : F i— > ap, 
such that 

F{a) = apia) 
for every a G Kq{X)q. The induced homom,orphism 

A^iD^X)) Aut{X) X SL2(Z) : F (aF,7r(F)) 
fits into the exact sequence 

1 ^ 2Z ^ A^iD^X)) Aut{X) X SL2(Z) ^ 1, 
where 2Z is the subgroup of even shifts A i— > ^[2n]. 
Proof. We have an exact sequence 

1 ^ Z ^ 'Mi{D\X))/Aut{X) ^ SL2(Z)/{±1} ^ 1, (1.1) 

where the homomorphism tF is induced by tt, Z is the subgroup of shifts. Indeed, 

this follows from the fact that tF differs from the homomorphism induced by 7x by 
an automorphism of SL2(Z)/{±1} and from the fact that ker(7js:) = Z. One conse- 
quence of this is that AvLt{D''{X)) is generated by the subgroup Aut(X) together 
with the shift A i— !■ j4[1], the tensoring functor T{A) = A(E)L, where L is a line bun- 
dle of degree 1, and the Fourier-Mukai transform S. Since the action of all of these 
autoequivalences on Ko{X) is known, we derive that for every F e Aut(-D''(X)) 
there exists an automorphism ap E Aut(X) such that F acts on Ko{X)q in the 
same way as ap. Similarly, we can consider the action of F on Ko(X i^i^ k)o, where 
k is an algebraic closure of k. The above argument shows that there exists unique 
ap defined over k, such that F acts on Kq(X (E)k fc)o as ap. It is clear that the 
homomorphism F i-^ ap restricts to the identity map on Aut(X) C Aut{D^{X)). 
Together with surjectivity of tt this immediately implies surjectivity of the map 
F I—!- (ap,TT{F)). The kernel of this map clearly contains the subgroup of even 
shifts 2Z C Z C Aut{D^{X)). Using the exact sequence (1.1) one can easily see 
that this kernel coincides with 2Z. □ 

Let AM{D\X))° c A^{D''{X)) (resp., Aut{D\X)f c Aut{D\X))) be the 
subgroup consisting of F with ap = 1. Prom the above theorem we get an exact 
sequence 

1 ^ 2Z ^ 'MtiD'^iX))" SL2(Z) ^ 1. 

The following proposition can be viewed as an analogue of the theorem of the cube 
for autoequivalences of D^{X). 

Proposition 1.3. For every F e Aut(Z)^(X)) one has 

[F^ia)] - {Np + ap)[F^{a)] + (1 + Npap)[F{a)] - ap[a] = (1.2) 

in Kq{X) for every a G Ko{X), where Np = tr(7r(i^)). In particular, if F G 
Aut{D''{X)f then 

[F^{a)] - {Np + l)[F\a)] + {Np + l)[F{a)] - [a] = 0. 
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Proof. Set N = Np. We claim that [F^{a)] - N[F{a)] + [a] G Ko{X)o C Ko{X) for 
every a G Ko{X). Indeed, this foUows immediately from the fact that F acts as an 
element g on the pair (deg, rk), where g"^ — Ng +1 = 0. It remains to apply F to 
this element in Ko{X)o and to use the definition of ap- □ 

Example. Let F be of the form (0ly) o a*, where L is a line bundle, cr is a 
translation by a point on X. Then ap — 1 and 

~ ((g)L(g)CT*L)oCT*, 

~ {®L ® <j*L ® {(J^L) o a*, 

so (1.2) amounts to the identity 

[L a*L (g) ia'^yi] - 3[L (g) a*L] + 3[L] - [Ox] = 0, 

or equivalently 

{a^)*Lc^a*L^(g)L-\ 

On the other hand, this isomorphism is a direct consequence of the theorem of the 
cube. This is why we can view Proposition 1.3 as an analogue of this theorem for 
more general autoequivalences. 

1.2. ^-structures on D^{X). Let us say that an object JF £ D^{X) is stable if 
= V[n], where n G Z, V is either a stable vector bundle or the structure sheaf 
of a fc-point. It is easy to see that an object G D^{X) is stable if and only if 
Hom(J^, J^) = k (since every object in D^{X) is isomorphic to the direct sum of its 
cohomology sheaves). 

Below wc arc going to use some basic notions and results of the torsion the- 
ory that can be found in [9]. For every real number 6 we consider a i-structure 
(£)f,<o £)f.>0) Qji £)''(X) defined as follows. First, let us define a torsion pair 
(Coh>^(, Coh<6/) in the category Coh(X) of coherent sheaves on X. By the defini- 
tion, F G Coh>e (resp. Coh<e) if all semistable factors of F have slope > 9 (resp. 
< 9). Note that objects of Coh^e are allowed to have arbitrary torsion (we consider 
torsion sheaves as having the slope +oo). Now the t-structure associated with 9 is 
defined by the rule 

j^e,<o _ ^ ^b(^) . H>''{K) = 0, i?"(i^) G Coh>(,}, 
D^'^i := {K G D\X) : H<'^{K) = 0, H'^iK) G Coh<4. 

The fact that this is indeed a t-structure follows from the torsion theory (see [9]). 
The heart of this t-structure is C^{X) := D^'^° n It is equipped with the 

torsion pair (Coh<e[l], Coh>5)). 

It is convenient to extend the above definition to ^ = oo by letting (£)°°'-°, D°°'-^) 
to be the standard t-structure on D^{X). In the following proposition we list some 
properties of these i-structures. Let us denote vj: = (deg(.F), rk(J^)) G I? for 
:F G D^{X). Note that for F G Avit{D^{X)) one has Vf(j^) = ■k{F){vj^), where 
SL2(Z) acts on 1? as on column vectors. 

Proposition 1.4. (i) The category {X) has cohomological dimension 1 and there 
is an equivalence D\C\X)) ~ D''{X). 
(ii) If9e'M.\Q then one has 

{vj^\ T G C\X),Ti- 0} = iJe n Z^ 
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where Hg = {{xi,X2)\ x\ — 6x2 > 0}. If G Q then the above statement is true 
with the half-plane Hg replaced by its union with the ray M<o(^, !)• 

Proof (i) Let us first prove that Honi^J^^j(A, B) = for every A,B G C^{X). 

If both objects A and B belong to one of the subcategories Cohyg or Coh<e[l], 
then the assertion is clear. If A G Coh>e, B G Coh<e[l] then Hom^6jj^-)(A, B) = 
Hom^,^(^^(A, B[-l]) = for i > 1. On the other hand, 

Homl,.(^)(B, A) - Hom'^-,i^)(i3[-l], A) Hom^V(^)(A, B[-l])* = 

for i> 2, since Homcoh(x)(^, 1]) =0. 

The second assertion follows from this by the standard argument (see e.g. [3]). 
(ii) This follows from the fact that primitive lattice vectors contained in U 
M<o(^, 1) are exactly vectors vj^, where is a stable object belonging to Coh>e or 
Coh<e[l]. □ 

It is not difficult to calculate the action of autoequivalences of D^{X) on these 
t-structures. We denote hy 6 1-^ g6 = where g = d) ^ SL2(Z), the 

standard fractional-linear action of 5 on M U {00}. 

Proposition 1.5. For every F G Aut{D''{X)) and every 6 G 'M.U {00} one has 
^pexo) ^ Ds<^^<0[n] (resp., F{D^'^^) = Ds»'^°[n]), where g = tt{F) g SL2(Z), 

n is some integer. 

Proof. The assertion is clear when F is a translation or the tensor product with a 
line bundle, or the pull-back under an automorphism. Hence, it suffices to consider 
the case F = S, where S is the Fouricr-Mukai transform. For every segment 
/ C IRU{+oo} let us denote by Coh/(X) C Coh(X) the full subcategory in Coh(X) 
consisting of sheaves F such that all semistable factors of F have slope in I (recall 
that torsion sheaves have slope +00). Assume first that 6 G M, 6 > 0. Since «S 
transforms the slopes by the map fi 1-^ ^ M^^: have 

5(Coh((,^+oo]) = Coh(_e-i_o]> 
5(Coh(o,e][l]) = Coh(_^,_,-i][l], 

5(Coh(_oo,o][l]) = Coh(o,+oo] • 
This immediately implies that S sends the t-structure associated with 9 to the t- 
structure associated with —9~^. Since ~ [— id]*[— 1], it follows that for 6 E R, 
6* < one has 5(L'^'^°, = {D-'''''^°[-l], D-^'''^"[-l]). Similarly, it easy 

to see that <S switches (up to a shift) the standard t-structure with the f-structure 
corresponding to ^ = 0. □ 

Let us consider the bilinear form xi^i^^^) 5^i(^l)* dim Horn' (.T^i, .7-2) on 
Ko{X), where Hom*(.Fi, ^^2) := Hom£)!,(x)(-^ij-^2[i])- It is easy to see that 

X{^1,^2) = -det(ujc-j,wjrj. 

The kernel of x is exactly the subgroup Ko{X)o C Ko{X) consisting of elements of 
zero degree and zero rank. Abusing the notation we also set x(?^) v') := — det(w, v') 
for V, v' G Z^, so that xi^ii^^) = x(wjc-j, wjr^)- 

The following lemma generalizes to categories C®(X) the well-known fact about 
stable bundles on X. 
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Lemma 1.6. Let T\,Ti he a pair of stable objects in C^{X) such that x(^i, ^2) > 
0. Then Honi^(^i,^2) = and dim Horn (^1,^2) = x(.?^i,^2)- 

Proof. By Proposition 1.4(i) we have x(-?^i, •?^2) = diniHom(^i,^2)— dimHoni^(^i,^2)5 
so it is enough to check the vanishing of ]iow}{J^i,J^2)- In the case when both !Fi 
and T2 belong to Coh>6i (resp., Coh<5)[l]) the assumption x(^:Fi) ''^^2) > imphes 
that iJi{T\) < /i(^2) (resp., < /i(.F2[— 1])). Hence, in this case the asser- 

tion is clear. It is easy to see that the case Ti E Coh<e[l], G Coh>e cannot 
occur. Indeed, since the vectors vjr^ and vj^^ belong to H0 and x(^.?^i ) ^.^^2) > 0, the 
condition rk^2 > implies that rk^i > 0. In the remaining case J^i G Coh>0 and 
J^2 S Coh<0 [1] , so the assertion follows from the vanishing of Hom^ {J^i , ^2 [— 1] ) • D 



2. NONCOMMUTATIVE TORI, AUTOEQUIVALENCES OF D^{X) AND RELATED 



2.1. Morita autoequivalences of noncommutative tori and analogues of 
homogeneous coordinate rings. We refer to [15] for an introduction and a sur- 
vey of main results in the theory of noncommutative tori. Recall that for every 
^ e M the algebra Aq of smooth functions on the noncommutative torus To is the 
algebra of series J2^ni,n2Ui^U2^ in variables Ui, U2 satisfying the relation 



such that the coefficient function (711,712) (ini,n2 G C is rapidly decreasing at 
infinity. By the definition, vector bundles on Tg are finitely generated projective 
yle-modulcs (we always consider right modules). A complex structure on Tg is 
given by a derivation 6r ■ A0 ^ Ag, such that Sr{Ui) = r, 6r{U2) = 1, where 
r e C \ M (following [14] we will usually impose the condition Im(T) < 0). We 
denote by Tg.r the noncommutative torus Tg equipped with this complex structure. 
A holomorphic structure on a vector bundle is given by an operator V : E ^ E on 
the corresponding projective right ^e-module satisfying V(ea) = V(e)a + eSr{a), 
where e E E, a E Ag. As in [14] we only consider standard holomorphic vector 
bundles on Tg^j- that are given by certain family of standard holomorphic structures 
on basic modules. 

Recall that a basic ^e-modulc E is uniquely determined by its rank which is a 
primitive positive element in Z + Z0 (we assume that 9 is irrational). The algebra 
of endomorphisms of E can be identified with Ag/ for some 9' gR and the functor 
E' E' ®A„f E is a Morita equivalence between the categories of right A^z-modules 
and right A^-modules. It is known that 9' is necessarily of the form 9' = g9 for some 
g e SL2(Z)/{±1}. It is convenient to lift elements of SL2(Z)/{±1} to elements g 



g e SL2(Z) there is a basic right Ag-module Eg{6) of rank vk{Eg{6)) = c6 + d 
equipped with an isomorphism EndAf,(Eg(9)) ~ Agg (see [14], section 1.1). 

Standard holomorphic structures on Eg{9) are parametrized by the points of 
a complex elliptic curve Xt = C/(Z -|- Zr). As we have shown in [14] (Prop. 
3.1), fixing such a structure we obtain the Morita equivalence E' E' Eg{9) 
between the categories of holomorphic bundles on Tgg^T and Tg^r (preserving the 
subcategories of standard holomorphic bundles). 



ALGEBRAS 



UxU2 = exp{2TTi9)U2Ui, 
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We are interested in the situation when g{0) = 6 for some nontrivial g G 
SL2(Z)/{±1}. It is easy to see that this happens exactly when cither 6 is ra- 
tional or 9 generates a real quadratic extension of Q. In this case E = Eg{6) has a 
natural structure of Ae-Ag-bimoAvAe, so we can consider its tensor powers 

£;®" ■.= E®Ae--- ®At, E (n times) ~ Egr.{9), 

where the last isomorphism follows from the general formula for the tensor product 
of basic modules (sec e.g. Proposition 1.2 of [14]). If wc equip E with a standard 
holomorphic structure then E"^" acquires the induced holomorphic structure, so 
we can consider the corresponding space of holomorphic vectors H^{E'^"). Note 
that in order for these spaces to be non-zero wc need to impose the condition c > 
(where we assume that Im(r) < 0; see [14], Prop. 2.5). For n = we set i?®" = Ag 
and equip it with the standard holomorphic structure Sr- Now there is a natural 
structure of an associative algebra on 

Be := e„>o-ff°(^®") 

given by the tensor product of holomorphic vectors. Clearly, this algebra is a direct 
generalization of the homogeneous coordinate ring. One can also define analogues 
of twisted homogeneous coordinate ring by changing the bimodule structure on E. 
Namely, one can leave the right v46i-module structure the same and twist the left 
Ag-module structure by some holomorphic (i.e., commuting with Sr) automorphism 
of Ae. 

Recall that in [14] we constructed an equivalence between the derived category 
of standard holomorphic vector bundles on Tq^t and the full subcategory of stable 
objects in the derived category D^{X) of coherent sheaves on the elliptic curve 
X ~ Xt = <C/{'L + tZ). This equivalence sends each standard holomorphic bundle 
of rank mO + n to a stable object in D^{X) of degree m and rank n. The image 
of the category of holomorphic bundles under this equivalence belongs to 
(up to a shift). Moreover, the Morita autoequivalence E' E' ®Ae Eg{6), where 
g{0) = 9, corresponds to some autoequivalence F : D^{X) D^{X) preserving 
C D^{X), such that tt{F) — g* (the transposed matrix to g) Note that 
this is compatible with Proposition 1.5 since g^{—9~^) — —9^^. It is also easy 
to see from the explicit formulas for the equivalence of [14] that F belongs to the 
subgroup Aut{D''{X))° C Aut(D*(X)) introduced in 1.1. By twisting the left Ae- 
module structure on Eg{9) with some holomorphic automorphisms of Aq we can 
get more general autoequivalences F with 7r(F) = 5*. 

Let {J-n,n > 0) be the image of the sequence of holomorphic bundles (i^®") 
under the above equivalence of categories. Then we have ^„ = F"(^o) and there 
is a natural isomorphism of algebras 

Be — Ap^jr^ . 

This isomorphism allows us to switch to the language of t-structures and autoe- 
quivalences of D''{X) in the further study of these algebras. 

It is sometimes convenient to change the point of view slightly. Namely, the 
condition g9 = 9 is equivalent to the condition 

r"^ - {a + d)r + 1 ^ 0, 

where r = c0 + d. In other words, r is an eigenvalue of g. Note that can be 
recovered from the pair {g, r) by the formula 9 = {r—d)/c. Thus, we can start with 
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an arbitrary matrix g in SL2(Z) having real positive eigenvalues and c > 0. Then 
fixing one of the eigenvalues r of g, we get a family of graded algebras 

Bg,r{T)=®n>0H°{Te,r,E®") 

parametrized by t G C such that Im(r) < 0, where = (r — d)/c, E = Eg{9) is 
equipped with a standard holomorphic structure Vo (see [14]). Note that for every 
upper-triangular matrix u G SL2(Z) one has ,,(t) ~ Bg^r), so this family 

of algebras really lives on a double covering of SL^iJ^) / AdiT) , where Z is embedded 
as upper-triangular matrices in SL2(Z). 

Proposition 2.1. There is an isomorphism of graded algebras 



where g' = 




Proof. We have a natural isomorphism A-g ~ Ag^^ , identical on generators Ui and 
U2. Thus, we can consider E = Eg{9) as an yl_e-^-e-bimodule. It is easy to see 
that as such a bimodule E is isomorphic to Egi{—9). Moreover, this isomorphism 
is compatible with standard holomorphic structures up to a scalar. This implies 
the result. □ 



2.2. Algebras associated with autoequivalences and t-structures. We want 

to look at the algebras Ap^jr. where T G D^{X) is a stable object, F : D^{X) 
D^[X) is an autoequi valence. In order to get interesting algebras we would like to 
impose the condition F'^{T) 9^ T and IIom(.?^, F^{T)) ^ for all sufficiently large 
n > 0. Wc arc going to show that this condition implies that the corresponding 
element 7r(_F) G SL2(Z) has positive real eigenvalues. 

Lemma 2.2. For g G SL2(Z) and v & {0} the following conditions are equiv- 
alent: 

(i) x(i',g"w) > for all sufficiently large n; 

(i) ' x{v, g"'v) > for all n > 0/ 

(ii) g has positive real eigenvalues and xi'^^Q'^) > 0- 

Proof First, let us show that (i) implies (ii). Set N = ti{g). Then g^-Ng + l = 0. 
Hence, 

X{v, g"v) - Nx{v, g^-\) + x{v, g^'^v) = 0. 
From this we immediately derive that 

n>0 

where M = x{v,gv). Therefore, condition (ii) implies that all coefficients of the 
series M(l — Nt + t^)~^ except for a finite number are positive. It is easy to see 
that for A'' > 2 (i.e., when both roots of the equation t^ — Nt +1 = are real and 
positive) all coefficients of the scries (1 — Nt + t'^)~^ are positive. By the change 
of variables t ^ —t this implies that the series {1 — Nt + t^)~^ is alternating for 
N < —2. It is also easy to see directly that for A'' = ±1 or A'' = this series still 
has infinitely many negative coefficients. Hence, (i) implies that M > and N > 2. 
The same argument shows that (ii) implies (i)'. □ 
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Proposition 2.3. Let F : D''{X) D^{X) he an autoequivalence with tt{F) = 
g € SL2(Z), T he a stahle object of D^{X). Then the following conditions are 

equivalent: 

(i) F"-{!F) 9^ !F for n > and Hom(J^, ^ for all sufficiently large n; 

(a) g has positive real eigenvalues, M = x(^, > 0, and there exists 6 G 

M U {oo} such that F preserves . 

Under these conditions the Hilbert series of Ap^jr is equal to 

Mt 

where N = tr((/). Also, if (9,1) G is an eigenvector of g then F preserves the 
subcategory C D^{X) (if (1,0) is an eigenvector then we set 6 = oo). 

Proof, (i) (ii). Note that for every pair of non-isomorphic stable objects 

G,G' e D^{X) the graded space Horn* (5, Q') is always concentrated in one degree. 
Hence, (i) impKes that = xi^o, g^vo) > for all sufficiently large n, 

where vq = vjr g Z^. By Lemma 2.2 this implies that g has positive eigenvalues 
and that M > 0. Also, from the proof of this lemma we obtain the formula for 
the Hilbert series of Apjr. Now let w € be an eigenvector of g. Rescaling u we 
can assume that either u = {6, 1) or u = (1)0). In the latter case we set 9 = oo. 
In either case we have g{6) — 9 under the fractional-linear action. Therefore, by 
Proposition 1.5 we have F{C^) = C^[m] for some m € Z. Since T belongs to C^[i] 
for some i G Z, the nonvanishing of Hom(jF, F"{!F)) for n >> implies that m = 0. 
(ii) => (i). Let us consider vectors 

Vn = vpn^^) = 5"vo e Z^ c M^. 

Since x(uo, f i) = M > 0, it follows that x(^n! ^^n+i) > for all n > 0. Let m be an 
integer such that £ [m] . Then all the vectors w„ belong to the closed half-plane 
{—l)"^He c (see Proposition 1.4). Hence, x(^'i,'yi) > for i < j. Moreover, for 
a pair of stable objects Q, Q' G the vectors vg and vg' can be proportional only 
if Vg = Vg'. Hence, we have x(^i)^j) > for i < j. It remains to apply Lemma 
1.6. □ 



Remarks. 1. It is easy to deduce from the proof that for a pair {F,!F) such that 
g = tt{F) G SL2(Z) has positive real eigenvalues and M > 0, the conditions of the 
above proposition will be satisfied for {F[n],!F) for some n G 2Z. 
2. If F satisfies the equivalent conditions of the above proposition, g has two distinct 
eigenvalues and {9i, 1), {92, 1) are the corresponding eigenvectors, then F preserves 
both subcategories C^^ and C^^. Hence, F also preserves C^^ (iC^^. Moreover, it is 
easy to sec that C^^ n C^^ is a "half" of the natural _F-invariant torsion theory in 
each of the categories C^^ and that these categories are tiltings of each other 
with respect to these torsion theories. 

One can rewrite the Hilbert series of Ap^j: as follows: 

l + {M-N)t + t' 
HA.At)= i_Nt + t^ ■ 

In particular, we notice that the scries j^{—t)~^ has similar form but with N 
and M — N switched. Recall that if a graded algebra A is Koszul then one has 
Ha' {t) = HA{—t)~^, where A!- is the Koszul dual algebra. Below we will show that 
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under appropriate conditions the algebra Ap^j^ is Koszul with the dual also of the 
form Ap>^j7. 

2.3. Koszul duality. For every stable object E D^'{X) we denote by Rj: the 
the right twist corresponding to T. This is an autoequivalence on D^{X) such that 
one has exact triangles 

g ^ Hom*(g, JT)* ® JT ^ Rj,g g[i] 

for all g e D^{X) (see [18]; our notation is slightly different). The quasi- inverse 
autoequivalence is the left twist Ljf, such that one has an exact triangle 

L:f{g)^Ii.om\J^,g)®J^^g^Lr{g)[l]. 

Theorem 2.4. Let {F.T) he a pair satisfying the equivalent conditions of Proposi- 
tion 2.3. Let 7r(F) = g e SL2(Z), N = t^lg), M = x(J^, F{T)), and let A = Ap,]^ 
he the corresponding graded algehra. Then 

(a) A is generated by A\ over Aq = k if and only if M > N + 1, or M = N and 

(h) A is a quadratic algebra if and only if M > N + 2, or M = + 1 and 
detF\j^) ^ (deti^2(jr))^v+i ^ (det O det(J^); 

(c) A is Koszul if and only if M > N + 2. Moreover, in this case one has the 
following isomorphism for the quadratic dual algebra: 

a'' ^ ^fl^oF-i,:F- 

Let {r,r~^) be the eigenvalues of g and let {u,u') be the corresponding eigen- 
vectors, so that gu = ru, gu' = r~^u'. Let u* : ^ R be the functional defined 
by u*{u) = 1, u*{u') = 0. We can choose u in such a way that u*{vo) > 0, where 
''^o = 'fj'^ (note that vq cannot be an eigenvector of g since M = x(''^Oj .9^^o) > 0). 
Consider the half-plane H = {v G u*{v) > 0}. Let C = C^[m] for appropriate 
^ e R U {oo} and m e Z, so that gC and the vectors {vg,g G C) belong to the 
closure of H. Then F preserves C (see Proposition 2.3). For an object g of D^{X) 
we set 

rkc(^) = 

so that rkc(t/) > for all € C. From the definition of u* we immediately derive 
that 

rkc(F(g)) =r-rkc(5). 
Note that C contains the subcategory equivalent to the category of stable bundles 
on a noncommutative 2-torus and rkc is proportional to the rank function on such 
bundles. Let us denote Tn = F^{J^) e C. Since rkc(^) = 1, we obtain that 

rkc(.F„) = r". 

To prove the above theorem we are going to use the twist functors Rj^^ : 
D^{X) D''{X). More precisely, let us consider the objects 

:= R^„R^„_, . . . R:fA^o) e D'iX), 

where n > 0. It is convenient to extend this definition to n = by setting J^q = J^o- 
As we will see, the properties of the algebra A depend on whether some (or all) 
belong to the subcategory C and also on the vanishing of some (or all) spaces 
Hom^(^^,^m) for n < m. 
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Lemma 2.5. Consider the following generating series 

F{t,u)^ J2 x{K,^n+k+lTu\ 
n>0,fe>0 



Then one has 



R{t) = Y,^kc{W- 

F{t,u) 



n>0 

M{l+tu) 



{1-Nu + w2)(i - (M - N)t + i2) ' 
1 + rH 



1 - (M - N)rt + rH'^ ' 
Proof. By the definition of T!^ we have an exact triangle 

^ Hom'(.F;_i,.F„)* ® ^ jr; ^ (2.1) 
This impHes the following relations: 

XiJ^'n^^m) = X{^'n-l^^n)x{^n,J^m) - X{^n-\,^m), m > n > 1, 

vkem=x{K-i,^n)r''-^MK-iln>l. 

Note that x{^n,^m) = xi^o, ^m-n) for m > n is a coefficient of the Hilbert series 
of A: 

/7(i) = l + ^X(^0,^nr- 
n>l 

Therefore, denoting 

Fo{t) = F{t,0) = ^XiK,^n+l)t'', 
n>0 

we obtain the equations 

{u + t)F{t, u) = H{u){l + tFoit)) - 1, 
R{t) = 1 + rtFo{rt) - tR{t). 
Substituting u = —t into the first equation we get 

H{ -t)-' - 1 
t 

and therefore, 

H{u)H{-t)-^ - 1 



Fo{t) = 
F{t,u) = 



m = 
m = 



u + 1 
H{-rt)-^ 



l + t 

It remains to use the formula 

1 + {M-N)t + 1^ 



1-Nt + f^ 

that was proven in Proposition 2.3. □ 

Proof of Theorem 2.4- (a) If the map Ai igi Ai — > A2 is surjective then = 
(dimAi)2 > dimA2 = MN, hence M >N. 

Conversely, assume that M > N. Then we claim that G C and Hom^(J^(, !Fm) = 
for m > 2. Indeed, since .F( = Rj^^{To), it is a stable object of D^{X). Hence, 
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the exact triangle (2.1) for n = 1 implies that either G C or G C[l]. To check 
that G C it suffices to prove the inequality rkc(^() > 0. But 

rkc(^0 = Mr - 1 = (M - 7V)r + > > 

which proves our first claim (wc used the equality N ~ r + r^^). On the other hand, 
since T'^ and Tm are both stable objects of C, the vanishing of Hom^(J^(, J^^) would 
follow from the inequality x(-^i)-^m) > (see Lemma 1.6). From Lemma 2.5 we 
get 

k>0 

The latter series has positive coefficients except maybe for the constant term. 
Hence, Hom^(^(,^TO) = for m > 2. Now from the exact sequence 

^ Hom°(jr(, jr„) ^ Hom°(jro, jTi) Hom°(jri,jr„) ^ Hom°(jro, jF„) ^ Rom\j^[,T^) 

(2.2) 

we derive the surjectivity of the map Ai (g) Am-i for m > 2. In the case 

M > N the above argument shows that Hom^(J^(, ^^2) = 0, hence in this case the 
map Ai(S)Ai — !■ A2 is also siujective. On the other hand, if M = N then vj^^ = vjr^, 
so either Hom*(^{,^2) = 0, or !F[ ~ !F2- Hence, in this case the map Ax® Ax A2 
is surjective if and only if det(JF{) 9^ det(J^2)- Using the triangle (2.1) we get that 
det(J^() ~ det(^i)^ (g) det(^o)~^ which leads to the condition in the formulation 
of part (a). 

(b) By the result of part (a) we can assume that A is generated by Ai. The 
statement that the algebra A is quadratic is equivalent to surjectivity of the natural 
maps 

^m-2®/^ker(A„_i®^i ^ A„) (2.3) 

for all m > 3, where / = ker(yli(g)Ai A2) is the space of quadratic relations. From 
the exact sequences (2.2) above we see that I can be identified with Hom°(.F(,^2) 
and that the map (2.3) can be identified with the natural map 

Hom°(jr2, jr^) (g) Hom°(jr{, jTa) ^ Hom°(jr{, jr„), m > 3. 

Now the exact triangle (2.1) for n = 2 shows that the kernel and the cokernel of this 
map are Hom''(J^2) -^m) and Hom^(J^2) -^m) respectively (we use the facts about 
proven in part (a)). Therefore, to prove that the algebra A is quadratic it suffices 
to show that }iom^{J^2j^rn) = for m > 3. 

The same argument as in (a) shows that either !F2 G C or !F2 G C[l]. Moreover, 
we have 

rkc(.f"2) = {{M - - ly + [M - N)r^, 
so for M > A'' + 1 we have rkc(^2) > 0) hence T2 G C. On the other hand, using 
Lemma 2.5 we get 



1^x{:F2,:F,+,)u i_N^ + ^2 • 

fe>0 

Thus, if M - A?' > 2 then xiH,^m) > for aU m > 3. Since J^^ is a stable ob- 
ject of C, this implies the required vanishing of Hom"'^(J^2i -^m)- If M = TV + 1 then 
x{^2j^m) > for TO > 4 while xi^L'^s) = 0- Hence, in this case Hom^ (•^2> -^m) = 
for TO > 4 and either Hom* (.7^2,^3) = or .F2 — .^^3. The latter isomorphism 
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occurs exactly when det(^2) — det(^3). It remains to use (2.1) to get an isomor- 
phism 

det(jr^) ~ det(jr2)JV+i o det(jr()-i ~ det{J^2)^^'^ O det(jri)-^-i o det(jro). 
Conversely, if the algebra A is quadratic then 

hence (M — A'')^ > 1. Since we already know that M — N > this implies that 
M-N>1. 

(c) If the algebra A is Koszul then its Hilbert series -ff(t) has the property that 
H{—t)~^ has non-negative coefficients. But 

^ ' l-{M-N)t + f^ l-{M-N)t + t^' 

so this series has non-negative coefficients only \{ M — N > 2. 

Conversely, assume that M — N > 2. We claim that all the objects belong 
to C and that Hom^(J^^, J^^) = for m > n. We argue by induction. Assume 
that the assertion is true for n — 1. Looking at the exact triangle (2.1) we conclude 
as in part (a) that cither JF^ G C or !F'^ E C[l]. Since by Lemma 2.5 wc also 
have Ykc{^n) > t;his implies that G C. On the other hand, the same Lemma 
shows that xi^n^^m) > for m > n. By Lemma 1.6 this implies the vanishing of 
}iom^{T^,J^m) for m> n. 

Now let us set 

Kn := em>„Hom°(jr;,jr„). 

Then Kn has a natural structure of (graded) left j4-module and from (2.1) we 
deduce the following exact sequences of A-modules: 

O^Kn^ yl(-n) ® Hom(J-4_i,.f„) ^ K^-i ^0, n > 1, 

where A{—n) is the free A-module with one generator in degree n. Since Kq is 
the augmentation ideal c A, putting these sequences together we obtain a free 
resolution of the trivial module k of the form 

. .. ^ A(-n) OHom(J^;_i, J^„) ^ .. . ^ A(-l) ® Hom(JP^, J^i) ^ A. 

This implies that A is Koszul and A':^ ~ Hom(J^^_;^, J^„)* for n > 1. 

To prove the last statement of the theorem we observe that the exact triangle 
(2.1) shows that 

~ Hom(J^,',_i, J"„)* Hom(:F„,:r^). 
Since Rjr^ ~ F^-RjrF^", we also have 

~ F"(i?^J^-i)"(J-). 

Therefore, 

A':^ ~ Hom(jr„, jr;) ~ Hom(jr, (i?^F-i)"(jr)). 

It is easy to check that this isomorphism is compatible with the multiplication on 

a' and on Afi^p-i j^. □ 

Examples. 1. If = 1 then by Proposition 1.3 part (b) of the above theorem 

states that Ap.j^ is quadratic iff M > iV + 2. For example, this is the case for 
F = {(^L), where L is a line bundle. This leads to the well-known statement that the 
corresponding algebra Af,Ox = ®n>oH'^{X,L") is quadratic iff deg(L) > 4 (then 
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it is also Koszul). More generally, if F = {^L) o a* , where a is an automorphism 
of X, then Ap^Ox is the so called twisted coordinate algebra attached to the pair 
(I/, a). Such algebras were considered in [1]. For example, if cr is a translation then 
such an algebra is quadratic iff deg(L) > 4, in which case it is also Koszul. 

2. Consider the case M = TV + 1, ap = —1- Then the algebra A is often 
quadratic but never Koszul. The quadratic dual has A'^ = 0. For example, if L 
is a line bundle of degree 3 such that [— (S> is not of order 2, then these 
conditions are satisfied for F = o [—1]*. The corresponding algebra is 

A = k® H°{L) e H^{L O [-l]*L) e H°{L ® [-l]*L L) • • • 

with the multiphcation rule f f ■ [(-l)dcg(/)]*^_ 

3. If M = A'' + 1 and ap = ^ then the algebra A is not quadratic: one has to 
add one cubic relation to the quadratic relations. 

The following result allows to check under what conditions Theorem 2.4 can be 
applied to sufficiently high powers of a given autocquivalcncc. 

Proposition 2.6. Assume that an element g € SL2(Z) has positive real eigenvalues 
and that the vector v € I?\ {0} satisfies M := x(^)5''^) > 0. Then the following 

conditions are equivalent: 

('i) xi^iQ^'^) ~ tr(<7") +00 as n ^ +oo; 

(ii) x{v, g"'v) — tr((;i") > for some n > 0; 

(Hi) M > ri — ri, where ri > r2 are eigenvalues of g; 

(iv) either g is unipotent, or M > N , where N := ty:{g). 

Proof. Note that by Lemma 2.2 we have x(i')fi'"i') > for all n > 0. Moreover, 
from the proof of that Lemma we get 



n>l 

If g is unipotent then we have N = tr(£(") = 2, while x(u,5"u) = nM, so the 
assertion is clear. 

Now assume that g has two distinct eigenvalues r > r~^ > 0. Then from the 
above formula we get 

x{v,g''v) = M —. 

r — r 

On the other hand, tr(g'") = r" + r~". Using these formulas it is not difficult to 

show the equivalence of (i) (iv). Indeed, clearly, (i) implies (ii). The implication 
(ii) (iii) follows immediately from the chain of inequalities 

> — ^ > r" + r"" > r". 



To prove (iii) (iv) we note that r — r~^ = \/ N'^ — 4. Thus, the inequality 
M > r — r~^ implies that > N"^ - 4, hence M > N (since N >3 in our case). 
Finally, if M > TV then M > r — r~^, in which case x(i',5"i') — tr(5f") +oo as 
n +00. This proves (iv) =J> (i). □ 
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3. Ampleness and noncommutative Proj 



3.1. Ampleness criterion. Let A be a graded fc-algebra of the form A = (Bi>oAi, 
where Aq = k. Recall that a finitely generated right graded ^-module M is called 
coherent if for every finite collection of homogeneous elements mi , . . . , m„ e M the 
(right) A- module of relations between mi , . . . , m„ is finitely generated. Coherent 
modules form an abelian subcategory in the category of all modules. An algebra A is 
called right coherent if it is finitely generated and is coherent as a right module over 
itself. We denote by cohproj A the quotient of the category of coherent A-modules 
by the; Scire subcategory of bounded coherent modules. Below wo arc going to show 
that the categories C^, where ^ is a quadratic irrationality (or a rational number), 
are equivalent to such quotient categories for appropriate algebras of the form Ap^j^. 

Let C be an abelian category equipped with an autoequivalcnce F : C ^ C. 
For simplicity we will assume that F is an automorphism of C (the general case 
can be reduced to this one, see [2]). Under appropriate ampleness assumptions the 
category C can be recovered from the algebra Ap,o, where O is an objcc;t of C. 
Recall (see [19], [13]) that a sequence {On,n € Z) of objects of C is called ample if 
the following two conditions hold: (i) for every surjection X mC the induced 
map Home (On, X) Homc(0„, Y) is surjective for all n << 0; (ii) for every object 
X £ C and every n e Z there exists a surjection (Bj^iOi^ — > X, where ij < n for 
all j. The main theorem of [13] implies that if the sequence {F^'^O, n e Z) is ample 
then the algebra Ap^o is right coherent and the categories C and cohproj ^f,o are 
equivalent. Similar result for Noetherian categories was proven by Artin and Zhang 
in [2] . The following proposition shows that we do need a more general theorem of 
[13], since for irrational 9 the categories are not Noetherian. 

Proposition 3.1. Assume that 9 is irrational. Then every non-zero object in 

is not Noetherian. 

Proof. It suffices to prove that every stable object G is not Noetherian. 
Recall that the vector vjr = (dcg(J^), rk(jF)) e Z^ satisfies deg(jF) — Tk{T)6 > 0. 
Moreover, since T is stable, the numbers deg(.F) and rkJF are relatively prime. 
Let {m,n) be the unique pair of integers such that mrk(jF) — ndcg{J-) = 1 and 
< m — n9 < deg(jF) — rk(jF). There exists a stable object JF' e C'^ with vjri = 
{m,n) (sec Proposition 1.4). By Lemma 1.6 one has dim Hom(.F, .F') = 1 and 
Hom^(.F, .F') = 0. This implies that there is an exact triangle 

where Lj^ is the left twist functor corresponding to JF. Note that the object Lj^{!F') 
is stable, so either Lj:{T') G C^, or Ljr[T') G C^[— 1]. But the vector fL^(.?-') = 
vj^ — v'jr lies in the half-plane {{x,y)\ x — yd > 0}, hence Lj:{!F') is in . This 
means that F"' is a proper quotient-object of F in C". Iterating this procedure we 
will obtain an infinite sequence T ^ T\ Ti . . . , where .F„+i is a proper 
quotient oi Tn- D 

The following theorem gives a criterion of ampleness for sequences of the form 
{F'^T,n£ Z) in the categories C^. 

Theorem 3.2. Let F : D^[X^ D^{X) he an autoequivalcnce such that the 
element g = tt{F) G SL2(Z) has distinct positive real eigenvalues. Let u = {x,y) G 
be an eigenvector of g with the eigenvalue < 1 and let 9 = x/y (if y = 
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then 9 = oo). Let J^o he a stable object of and let vq = (deg J^O) rk^o) be 
the corresponding primitive vector in Z . Assume that F{J^o) e C^. Denote also 
N = tv{g) and M = x(^o,i^(^o)) = x(«o,5«o)- 

(a) If M > N — 1 then the sequence {F"{!Fo),n e Z) in is ample. 

(b) If < M < N — 1 then the algebra Af,j^o ''^^^ finitely generated, hence, the 
sequence (-F"(^o)) is not ample. 

Proof. Below we will denote the coordinates of a vector w G by (dcg(i;), rk(?;)). 
Let us denote !Fn = -F"(J-"o), Vn = vj:^ = g^vo- By Proposition 1.5 one has 
F{C^) = C^[m] for some m e Z. Hence, our assumption F(^o) € implies that 
F{C^) =C^. In particular, € for all n € Z. 

(a) Assume first that M > N. Note that Vq is not an eigenvector of g, so we 
can choose u in such a way that x(**)^o) > 0. Then x(Wi^^n) > for all n e Z. 
Moreover, since x(g^^fo,wo) > and since u is an eigenvector of g~^ with the 
eigenvalue > 1, it follows that deg(w„)/ rk(w„) tends to as n ^ — oo. Observe also 
that all the vectors {vj^,T G C^} lie in the half-plane H = {v : x(^)^) > 0} (since 
9 is irrational). It suffices to prove that for every G the following holds: 

(i) Homi(JP„, JP) = forn « 0; 

(ii) the natural map Hom(^„,^) (g) ^„ — > ^ is surjective for n << 0. 

Moreover, it is enough to check these statements for stable Also, for (ii) it is 
enough to prove that Lj:^{J^) is in for n << 0, where Lj:^ is the left twist functor 
associated with J^n- Since the vectors «„ lie in the half-plane H, xi'^^n-i^t^n) > 
and deg(w„)/ rk(ti„) ^ 6' as n ^ — oo, it follows that for every vector v in H one has 
x{vn, v) > for n << 0. Applying Lemma 1.6 to and a stable object !F & we 
immediately derive (i) . It remains to prove that for such one has (J^) G 
for n << 0. Since Lj^^{T) is a stable object that fits into an exact triangle 

jr[-i] ^ L^„(jr) ^ Hom(jr„, jT) ^ jr„ ^ jr, 
it suffices to prove that belongs to H. But 

SO 

X('".^L^„(.F)) = XiVn,v)x{u,Vn) - X{u,v). 

where v ~ vjr. 

Let r < 1 be the eigenvalue of g corresponding to u and let u' be the eigenvector 
corresponding to r~^. Rescaling u and vl we can assume that = u-\-vl . Then 
"^n = ''""w + r~'^u', x{'U',Vn) = ^■~"x(^i > and 

X{vn, v) = r"x(w, v) + r'^'xiu', v). 

It follows that 

x(w,WL^„(^)) = iA-l)x{u,v)+r-^''Axiu',v), 

where A = x(w, u'). Since x{u, v) > 0, this quantity is positive for n << provided 
that A > 1. But 

. ^ x{vo,9Vo) > r + r-^ 

— 1 — —1 ' 

J* — -L J* tj^ — J. tj^ 

where we used our assumption M > N. 
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Now let us consider the case M = N — 1. The condition (i) is stih satisfied, 
however (ii) has to be replaced by a weaker condition. For every G and n e Z 
let us set 

TnJ" := coker(Hom(J"„, ® J^n ^ 
It suffices to prove that for every T we have 

for some m <E Z and some n > 0. As before we can assume that ^ is a stable object 
in C^. Using the action of F we can reduce ourselves to the case when the vector 
V = vj^ satisfies x(t'o, v) > 0. In this case we will show that T_„ . . . T-iTqJ^ = 
for some n > 0. By Lemma 1.6, we have IIom^(.Fo,^) = 0, so there is an exact 
triangle 

^ Hom(.Fo,.F) ® To ^ :F ^ L^oi^)[l]. 
Let hi e SL2(Z) be the matrix corresponding to the functor i^Jl] : D^{X) — > 
D''{X). We claim that if WL^^(jr)[i] = ho{v) ^ H then T^T = 0. Indeed, since 
Ljr^ [J^) is a stable object, this would imply that Lj:^ {!F) G C^, so the map Hom(J^o, •^)<H) 
^0 ^ is surjective. Otherwise, we have e H which implies that 

L:Fo(^)[1] belongs to C^, the map IIom(.Fo,^) ® J^o ^ ^ is injective with the 
cokernel 

To^~L^„(.F)[l] 

and WtqJF = ho{v). Continuing to argue in this way we see that it is enough to 
show the existence of n > such that ft,_„ . . . h^iho{v) ^ H . Using the formula 
''^Lj^^^(j^)[i\ = V — x{'^o,v)vo we can write the matrix of ho with respect to the basis 
{u,u'): 

1 + A ~A\ 
A l-Aj' 

where A = x(": ^O- Similarly, 
Therefore, 

h-n ■ . . h-iho = Q ^n-l^S"'^^, 

where 

c^fr \ /r(l + A) -rA \ 

But det(5') = 1 and 

tr(S') = r(l + A)+r-\l-A)=N+{r- r-^)A -M ^1. 

Hence, S"^ — S +1 = and therefore = —1. It follows that h-2h-iho{v) is not 
in H which finishes the proof. 

(b) Let A = Ap^j^g. For a graded right vl-module M and n e Z let us set 

T„M := coker(M„ » A{-n) M), 

where A{—n) is a free A-module with A(— n), = To show that the algebra 

A is not finitely generated we have to show that for all n > 1 one has 

T„T„_i...riA>i 7^0, 

where A>i = ®i>iAi. 
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For every T and n G Z we set 

This space has a natural structure of a graded right A-module. For example, 

we have r>„(J-"_„) = A{—n). Now wc claim that it is enough to prove that 
h-nh-n+i ■ ■ ■h-i{vo) is a nonzero vector in H for all n > 1, where we use the 
notation from the proof of part (a). Indeed, as we have seen above this would 
imply that for every n > 1 the object T_„T_„+i . . . Ti^o is stable and that we have 

exact sequences 

Hom(J^_„, T_„+i . . . TiJ^o)<8)J^- 

in C^. Using these exact sequences and Lemma 1.6 one can easily see that 

^>n+l(T-nT-n+l ■ ■ ■ TiJ^q) ~ T„T„_i . . . TiA>i. 

Again applying Lemma 1.6 we conclude that this space is not zero for every n > 1 
which proves our claim. 

To prove that h-„ . . . h-i{vo) is a nonzero vector in H it suffices to show that 
5"(M>ow + M>ow') C H for all n > 1. Note that tr(5) = A/' - M > 2, so 5 has 

real positive eigenvalues. Since x(?i, S?!) = r^^A^ > 0, it is enough to prove that 
there exists an eigenvector of S of the form —xu + u', where a; > 0. Equivalently, 
the equation 

x{-xu + u', S{-xu + «')) = r-"^ Aa;^ + [r(l + A) - r"^ (1 - A)]a; + rA = 

should have a positive root. For this two inequalities should hold: D = b^ — 4A^ > 
and 6 < 0, where 6 = r(l + A) - r'^il - A). But 

6 = r - r"^ + NA = — ^ r"^ + r = < 

since M < N -2 and N > 2. Finally, 

D = {r-r-'^+NAf-AA'^ = N'^-4-2NM+{N^-A)A'^ = N'^-4-2NM+M'^ > 
since N - M > 2. □ 



Remark. If the equivalent conditions of the above theorem are satisfied then we 
also have F"-{!Fo) G for all n, where (^',1) is the eigenvector of g corresponding 
to the eigenvalue > 1. The sequence (F"(jFo)) is not ample in , since there 
are objects T € C^' with Hom^(F"(jro), JT) ^ and Hom(i^"(jro), jF) = for 
all n << 0. Nevertheless, we still have an equivalence of the derived category of 
with the derived category of cohproj A_f,jf, since both categories are equivalent 
to D^{X). It would be interesting to find a general framework for this kind of 
equivalences associated with non-ample sequences. 

Corollary 3.3. Let {F,J^) be a pair satisfying the equivalent conditions of Propo- 
sition 2.3 and let Tr{F) = g € SL2(Z), N = tv{g), M = x{^,F{T)). Then the 
algebra Ap^jr is finitely generated if and only if M > N — 1. 

Proof. If g has distinct eigenvalues then this follows from Theorem 3.2. Now assume 

that g is unipotent (so that N = 2). Then the statement reduces to the case when 
f is a composition of the tensoring by a line bundle L with an automorphism of 
X. In this case we can assume that G CohX. Since M > 1 it follows that 
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is a vector bundle and deg{L) > 1. It easy to see that in this case the sequence 
is ample, hence, the algebra Ap^j^ is finitely generated. □ 



3.2. Projectivity of C . Now we can show that every category C , where is a 
quadratic irrationality, can be described as a "noncommutative Proj" . 

Theorem 3.4. For every quadratic irrationality 6 gR there exists an autoequiva- 

lence F : D^{X) —t D^{X) preserving and a stable object T ^ such that the 
sequence {F^J^^n G Z) is ample. Hence, the corresponding algebra Ap^yr is right 
coherent and ~ cohproj74ir,^. 

Proof. Let a9'^ + /36 + -y = he the equation satisfied by 6, where a, /3, 7 e Z, 
a > 0. Consider the ring R = 'L\oS\ C Q(f?). Then R is contained in Z + Z0 and 
i?(Z + Z6') C Z + W. Let r G i?* be a unit such that < r < 1 (such a unit always 
exists). Then the multiplication by r induces an invertible operator on Z + Z^ 
with determinant equal to Nm(r) = 1. Hence, we have r = cd -\- d, rQ = aQ -\-h 



corresponding to the eigenvalue r. We claim that there exists a primitive vector 
V G 1? such that x(W)'*^) > and x(^^;5^) ^ tr(g). Indeed, let v! G be an 
eigenvector of g corresponding to the eigenvalue r~^ and such that u') > 0. 

We can find a primitive vector v dl? such that v = xu + yu', where a; > 0, y > 0, 

and xy > (^r-^'-r)x{u^u') - '^l^™ x{u,v) = yx{u,u') > and 

x(w, gv) = x(a;u + yu' , xru + yr~^u') ~ xy{r~^ — r)x{u, u') > r + r~^ 

as required. It remains to choose an autoequivalence F with 7r(F) = g such that F 
preserves and an object T with vj^ = v, and then apply Theorem 3.2. □ 

Finally, we are going to show that the category for arbitrary 9 G R can 
be represented in the form cohproj A for some coherent Z- algebra A. Recall that 
the notion of Z-algebra is a natural generalization of the notion of graded algebra 
(see [4], [13]): such an algebra is equipped with a decomposition A = (Bi<jAij 
and the case of a graded algebra corresponds to Ai_j = Aj^i. As in the case of 
real multiplication considered above, it is enough to construct an ample sequence 
{!Fn, n G Z) of objects in C^, however, not necessarily of the form .F„ = F"'{!Fo) for 
some autoequivalence F. Then the main theorem of [13] will give an equivalence 

~ cohproj A, where A is the Z-algebra associated with the sequence (J-"n), so that 
Aij = Hom(^i,^j). The construction of the following theorem provides plenty of 
ample sequences in C^. 

Theorem 3.5. For every 6 G M. there exists an ample sequence {J^nin € ^) in 

such that all the objects Tn are stable. 

Proof. Clearly, it suffices to consider the case when 9 is irrational. Recall that all 
vectors vjr for T G belong to the half- plane H = Hg = {(a;i,X2)| xi — 9x2 > 
0} C M^. Moreover, for every primitive vector v E H C] 7? there exists a stable 
object T G with vj: = v. Now let us choose a sequence of primitive vectors 
Vn = {dni Tn) G H f\l? such that r„ > for n « and lim„^_oo jJ-n = 9, where 
/^n = dn/rn. In other words, we want the ray M>oWn to approach ]R>o(0, 1) as 
n ^ — 00. Note that since dn — 9rn > we necessarily have /x„ > for n << 0. 
In addition we can make this choice in such a way that for all n << one has 




Then u = {9, 1) G 



is an eigenvector of g 
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^J-n — > Tn^- Indeed, we can first choose r„ for n << to be a sequence of 
prime numbers such that hm„^_oo r„ = +00. Then after picking any sequence d„ 
such that Hm„^_oo dn/vn = we can change d„ by + 1 if necessary to make 
IJ-n — S > for n « 0. Since 9 is not an integer and dn/vn tends to as n ^ —00, 
such a change will leave dn prime to r„. 

Now we claim that if {J-'n,n G Z) is any sequence of stable objects in with 
vj^^ = Vn then conditions (i) and (ii) from the proof of Theorem 3.2 are satisfied for 
every stable T € , and therefore the sequence (.F„) is ample. Indeed, condition 
(i) follows from Lemma 1.6 since for every v € H one has xi'^n, v) > for n << 0. 
Arguing in the same way as in the proof of Theorem 3.2 we conclude that it is 
enough to prove that for every v & H C]!? one has x('*^n) '*^)'Vn — v € H for n << 0. 
Let V = {d, r). Then we have to show that 

((ir„ - (i„r)rf„ - d - 6'[(dr„ - d„r)r„ - r] > 

for n << 0. Assume first that r ^ and set ji = d/r. Then the above inequality 
can be rewritten as 

rrn{^^ - ^in){^J.n -0)> r{n - 6). 
Note that r(// — //„) = x{vn,v)/rn > for n << 0. Hence, our inequality for 
n << is equivalent to 

But this follows from the condition that ii.n — 9 > since r„ +00 as n ^ —00. 
Similar argument works in the case r = 0. □ 
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